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Abstract

Heat and mass transfer in biporous medium of regular structure near the phase transition point is studied theoret-

ically. Large pores contain ice. Small pores are filled with pure water. The thermal and filtration problems for a separate

cell of the medium are solved by the anisotropic conductivity method. Heat and mass flows depend linearly on the gra-

dients of the temperature and the water pressure. The Onsager reciprocal relations are confirmed for systems with phase

transformations. With the advent of the solid phase (ice) in porous media, the straight transport coefficients multiply

several times, and the cross coefficients increase more than one order of magnitude.

� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The freezing-point of water in a confined space is

lower than the phase transition point for a bulk system.

That value falls with decreasing the cavity size. Distribu-

tion of pore size in porous media enables water to be

liquid in a range of negative temperature [1]. This phe-

nomenon plays an important role in the cold region of

the Earth because the properties of frozen soils depend

essentially on their ice content. Heat transport processes

in freezing soil generate mass transfer, redistribution of

water content, deformation of soil framework, forma-

tion of cryogenic textures, and frost heave. Those

changes in the soil are described by various mathemati-
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cal models, the basic elements of which are the laws of

heat, water and ice transfer. Most researchers postulate

as follows: Fourier�s law, Darcy�s law and ice immobility

relative to soil particles. A few models presume ice

mobility. For example, in the model by O�Neill and

Miller [2] the ice is assumed to be rigid and to move

through the mineral framework without resistance ow-

ing to regelation.

Numerous investigations have established the consid-

erable role of the temperature factor on mass transfer in

freezing soil [3]. A specific mathematical form of the

mass transfer law is defined by the structure of porous

media, and, in general, water and ice flows depend on

three gradients of temperature, water and ice pressures

[4]. Nearly all theories disregard the effect of mass move-

ment on heat transfer.

This paper purposes to study a problem of stationary

heat and mass transfer in the model porous medium, the

free space of which is filled by water and ice.
ed.

mailto:askold@ikz.ru


Fig. 1. Model biporous medium. E1—ice, E2—fine-pore

medium, f—fluid tube at zero horizontal conductivity.

Nomenclature

b height of the cell [m], Fig. 2

c hydroconductivity coefficient of fine-pored

medium E2 [m
3skg�1]

C transport coefficient

Ikl rate of phase transition of the k-phase in the

l-phase [kgm�3 s�1]

Iq heat production of internal sources [Wm�3]

Jq heat flux at the base of the cell [Wm�2]

jq heat flux [Wm�2]

Jw volumetric water flux at the base of the cell

[ms�1]

jw volumetric water flux [ms�1]

M total water flux through the base of the cell

[m3s�1]

n unit vector

nl volume of l-phase in the unit volume of the

medium

p water pressure [Pa]

Pi ice pressure component normal to an ice–

water interface [Pa]

Q total heat flux through the base of the cell

[W]

QS total heat flux [W]

QV total heat production [W]

R radius of ice inclusion [m]

Sa area of base [m2], Fig. 2

t temperature [K]

Vi velocity of ice [ms�1]

vw velocity of water [ms�1]

X thermodynamical force

Greek symbols

a dimensionless parameter of the cell, pR2/Sa

b dimensionless parameter of the cell, 2R/b

j latent heat of fusion

k thermal conductivity [Wm�1K�1]

k1 thermal conductivity of ice [Wm�1K�1]

k2 thermal conductivity of fine-pored medium

[Wm�1K�1]

qi ice density [kgm�3]

qw water density [kgm�3]

Subscripts

i ice

q heat

R surface of inclusion

w water

Other symbols

$ vector gradient operator

$b difference gradient operator, Eq. (22)
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2. The definition of the problem and the solution method

A biporous medium with the simplest structure is

taken as the subject of the inquiry. All large pores

(cavities E1 in Fig. 1) are equal spheres and their diam-

eter is significantly greater than the size of small pores in

region E2. The mineral framework of the medium is a

rigid body and stabilizes the spatial configuration. The

centres of the cavities are located at the rectangular lat-

tice points. The large pores contain ice that may move

relative to the framework because of regelation phenom-

ena [5,6]. On the front side the ice melts, water migrates

through the porous medium to the rear side, where it

freezes and reshapes the ice inclusion. Melting of the

ice is accompanied by the absorption of heat. And freez-

ing gives rise to the inverse process of heat release. An

object with the separated inflow and outflow heat

sources, total production of which equals zero, is called

the heat dipole.

A liquid fills the porous space of element E2 and may

migrate through the porous medium. Assume that all

solid phases are rigid and that the liquid is an incom-

pressible fluid.

The basic properties of the model medium are dem-

onstrated by the example of the one-dimensional sta-
tionary process of heat transfer with constant

temperatures at horizontal boundaries of the sample

(Fig. 1).
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On the one hand, the heat flow does not pass through

the lateral faces of the cells (sections B1, B2, . . .) because
of space symmetry. On the other hand, the heat flow

lines are perpendicular to the horizontal faces of the

adjacent cells (sections A1, A2, A3, . . .) and therefore

the tangential component of heat flux vanishes. The last

indicates that the temperature is constant at every hori-

zontal section passing through half of the distance be-

tween neighbouring elements E1. An elementary cell

(C1, C2, . . .) is selected in the ordinary way and repre-

sents a fragment of the framework as a rectangular

prism with the cavity in centre (Fig. 1).

The properties of the model medium noted above

allow simplifying a problem of heat and mass transfer

in the porous medium as whole and reducing it to study-

ing the transfer processes in the separate cell (Fig. 2).

The problem is formulated in the following way: to find

the thermal and liquid flow at the bases of the cell as a

function of the specified thermodynamic parameters

(temperature and pressure) at the horizontal boundaries.

In this paper a treatment of nonequilibrium systems is

limited to a range of parameters near the phase transition

point. Convection heat transport in the regions of E1 and

E2 is negligibly small in comparison with the conductive

transfer. Fix the spherical and orthogonal co-ordinates

to the mineral frame and place the Z-axis in parallel with

the imposed temperature and pressure gradients.

The heat sources concentrate at the surface of inclu-

sion and therefore an equation for defining the temper-

ature t in two homogeneous regions (E1 and E2) of the

cell is Laplace�s equation:

Dt ¼ 0 ð1Þ

with the boundary conditions being the following: at the

bases of the cell t(x,y,�b/2) = t1, t(x,y,b/2) = t2;

through lateral faces the heat flux is equal to zero. At
Fig. 2. A cell of biporous medium with ice inclusions. Sa—base

area. Qlat—latent heat at phase transition.
the ice surface the value of the temperature is continu-

ous: tjr=R�0 = tjr=R+0 and the temperature gradients are

connected by heat balance:

�k1F
ot
or

����
r¼R�0

� �k2

ot
or

����
r¼Rþ0

� �
¼ jqiV i cos h

where (r,h) are spherical co-ordinates. By symmetry, the

ice velocity is parallel to the Z-axis, which is reflected in

the last relationship.

Liquid flows only in the fine-pore medium E2. For

that region an equation of filtration is Laplace�s equa-

tion for pressure p:

Dp ¼ 0 ð2Þ

with boundary conditions being the following:

p(x,y,�b/2) = p1; p(x,y,b/2) = p2 and the liquid flux is

zero through the lateral faces of the cell. The mass bal-

ance at the ice surface gives the following relationship:

�qwc
op
or

����
r¼Rþ0

¼ qiV i cos h

The boundary conditions of the thermal and filtra-

tion problems involve an unknown velocity Vi, that

needs to be defined from additional considerations.

Require the satisfiability of local thermodynamic

equilibrium. At the phase interface, the chemical poten-

tial of water is equal to the chemical potential of ice. The

standard expansion in series near the phase transition

point of bulk water and ice results in the generalized

Clapeyron–Clausius equation:

DP iR=qi � DpR=qw ¼ �jDtR=T 0 ð3Þ

where pR, PiR are the water pressure and the ice pressure

component normal to an interface, tR is the temperature

at the inclusion surface, T0 = 273.15K. The values of

PiR, pR, tR are functions of the point�s location on the

surface.

Assume the external force fields to be absent. In this

case only the surface forces act on the ice inclusion. One

force of the disjoining pressure [7] appears because of

specific properties of water in the thin film and is perpen-

dicular to interface. The other force of viscous friction is

tangential to the surface and connected with the liquid

flow around the inclusion. When the size of the inclusion

is significantly greater than the layer thickness, the sec-

ond force may be neglected in comparison with the first

[8]. This supposition will be accepted in the future.

The ice velocity is constant in time, and therefore

total force that acts on the inclusion surface SR is equal

to zero:Z
SR

P iR dS ¼ 0 ð4Þ

where dS = ndS; n is a unit vector perpendicular to dS.

Our intention is to determine the relationships be-

tween the fluxes through the cell and the temperature



1178 V.S. Kolunin / International Journal of Heat and Mass Transfer 48 (2005) 1175–1185
and pressure difference at its opposite sides. Those rela-

tions may be established after solving the system of Eqs.

(1) and (2) with (3) and (4). The method of anisotropic

conductivity [4], which is used for solving that problem,

allows us to find the required relationships and the

transport coefficients in analytical form. The method is

founded on the replacement of isotropic bodies by

anisotropic elements and the application of the conser-

vation and transfer laws in their initial forms.

It is assumed that in the direction of the Z-axis the

properties of the medium are maintained to be real,

and in the direction perpendicular to the external gradi-

ents the thermal and filtration coefficients are taken to

be equal to zero or infinity. Solving the heat and mass

transfer problem for two cells with different anisotropy,

is a feature of this method. The transport coefficients of

those cells give extreme values, which define the physi-

cally admissible region of variation. The transport coef-

ficients of the cell with isotropic elements fall into that

region.
Fig. 3. Heat transfer in the cell with infinite horizontal

conductivity.
3. Thermal problem

Laplace�s equation (1) for temperature follows from

two laws: the conservation of energy (heat balance)

and Fourier�s law

jq ¼ �krt ð5Þ

which states that the heat flux (jq) is proportional to the

temperature gradient $t.
These laws are used to define the stationary heat flux

through a cell at constant temperatures on its bases (t1
and t2 Fig. 2) and zero heat transfer through the lateral

faces.

3.1. Infinite horizontal thermal conductivity

The temperature is constant at any horizontal section

by virtue of the accepted anisotropy.

The medium is homogeneous in the intervals �b/

2 < z < �R and R < z < b/2, the z-component of heat

flux jq does not depend on the z co-ordinate (jq = Jq)

and therefore Fourier�s law (5) reduces to the difference

form:

Jq ¼ k2

t1 � t01
b=2� R

ð6Þ

Jq ¼ k2

t02 � t2
b=2� R

ð7Þ

In the range of z from �R to R the medium is hetero-

geneous and the heat is produced on the ice surface. Het-

erogeneity and presence of heat sources make to write

the heat balance equation in integral form [9]:
Z
S

jq dS ¼
Z
V
Iq dV ð8Þ

where V is a volume enclosed by a surface of area S.

The physical meaning of last equation shines

through—the total amount of heat leaving the volume

equals the amount of heat produced by internal sources.

In order to define an equation for temperature on

z 2 [�R,R], at first the heat balance will be written for

a thin horizontal layer Dz (Fig. 3). In the system consid-

ered, the heat sources do not distribute all over the vol-

ume, but localize on the ice surface. Therefore the total

heat production DQV in the layer D z results in the ice–

water phase transition on surface DSR and is expressed

in terms of the ice velocity relative to the mineral frame-

work Vi (at Vi > 0 and z > 0 the ice melts with heat

absorption)

DQV ¼ �jqiVinRDSR ¼ �jqiV izDSR=R ð9Þ

where nR is a unit vector perpendicular to DSR.

Denote by DQS the left-hand integral of Eq. (8). The

quantity of heat DQS, which passes the surface of the

selected layer, is the following:

DQS ¼ j12S12 þ j22S22 � j11S11 � j21S21 ð10Þ

where jkl is the z-component of heat flux through corre-

sponding area Skl. The first index denotes the medium

and the second—the surface of the selected volume.

Equating (9) and (10), representing area DSR and Skl

as functions of R, z, Dz and then transforming to differ-

ential form gives an equation for z-components of fluxes

jq1 and jq2 in elements E1 and E2:

djq2
dz

ðSa � pðR2 � z2ÞÞ þ
djq1
dz

pðR2 � z2Þ

þ ðjq2 � jq1Þ2pz ¼ �2pjqiV iz ð11Þ



Fig. 4. Heat transfer in the cell with zero horizontal

conductivity.

V.S. Kolunin / International Journal of Heat and Mass Transfer 48 (2005) 1175–1185 1179
Using the Fourier�s law: jq1 ¼ �k1
dt
dz, jq2 ¼ �k2

dt
dz

converts Eq. (11) to an equation for temperature:

� d2t
dz2

½k2Sa þ pðk1 � k2ÞðR2 � z2Þ� þ dt
dz

2pðk1 � k2Þz

¼ �2pjqiV iz ð12Þ

Thermal conductivity coefficients for soil are ordinar-

ily less than for ice (k2 < k1). Integrating Eq. (12) with

the boundary conditions tð�RÞ ¼ t01; tðRÞ ¼ t02 gives a

function for temperature distribution in the range of z

from �R to R:

tðzÞ ¼ jqiV i

Dk21

zþ t02 � t01
2R

� jqiV i

Dk21

� �R ln etþz
et�z

��� ���
ln etþR

et�R

��� ��� þ t02 þ t01
2

ð13Þ

where Dk21 = k2 � k1, et is defined from the following

equation: e2t ¼ k2Sa�Dk21pR2

pjDk21j .

At the boundary z = ±R heat fluxes need to be

continuous:

�k2

dt
dz

����
z¼�R

¼ Jq

Substituting in the last equation the function t(z) (13)

gives following relationship:

Jq ¼ �k2

jqiV i

Dk21

þ t02 � t01
2R

� jqiV i

Dk21

� �
2etR

ln etþR
et�R

��� ���ðe2t � R2Þ

264
375
ð14Þ

Assuming in the set of Eqs. (6), (7), and (14) the val-

ues t01; t02, Jq as unknown and solving them leads to the

required heat flux Jq:

Jq ¼ k2 � jqiV i

Dk21

� t2 � t1
b

� jqiV i

Dk21

� �
 f1
b þ f1ð1� b

 �
;

ð15Þ

which includes the unknown velocity of ice Vi. For defin-

ing that, the distribution of temperature tR on ice surface

will be required. Substituting values t01 and t02, previously
found from the set (6), (7), and (14), in Eq. (13) gives at

z = Rcosh that distribution:

tRðhÞ ¼
jqiV i

Dk21

R cosh

þ t2 � t1
b

� jqiV i

Dk21

� �
R

bþ f1ð1� bÞ
ln 1þet cosh

1�et cosh

��� ���
ln 1þet

1�et

��� ��� þ t0

ð16Þ
where t0 ¼ t2þt1

2
, b = 2R/b, et = R/et, f1 ¼ 2et

ð1�e2t Þ ln
1þet
1�etj j.

The thermal problem is not yet solved finally. The

relationship for heat flux Jq (15) includes an unknown

velocity Vi.
3.2. Zero horizontal thermal conductivity

At zero horizontal conductivity the streamlines of

heat flow are parallel to the Z-axis. Specify the polar

co-ordinates (r,z) and coincide the point of origin with

the centre of the cavity. In the range r > R the medium

is homogeneous (Fig. 4), the z-component of heat flux

does not depend on the co-ordinate r and the value of

the flux is defined from Fourier�s law (5):

Jq2 ¼ �k2

t2 � t1
b

ð17Þ

Within the cylinder r 6 R the medium is heteroge-

neous and the heat sources are present. Consider a thin

cylindrical layer Dr, which consists of three homoge-

neous parts on the co-ordinate z: [�b/2,�h1/2], [�h1/

2,h1/2], [h1/2,b/2]. Heat sources concentrate on the sur-

faces DSR. On the upper surface with co-ordinate

z = +h1/2 heat is absorbed because of ice melting. On

the lower surface with z = �h1/2 the heat is extracted be-

cause of the water freezing. The total heat effect of both

sources is equal to zero. Therefore heat fluxes in the

upper and lower element E2 are identical (Jq1). The value

of heat flux in every column (lower, middle, upper) of

the layer is connected with temperature at their

boundaries:

Jq1 ¼ k2

t1 � t01
h2

; jq1 ¼ k1

t01 � t02
h1

; Jq1 ¼ k2

t02 � t2
h2

ð18Þ

where h1 and h2 are heights of columns E1 and E2 in the

selected layer (Fig. 4).

The relation between heat fluxes in the elements E1

and E2 is found from the heat balance, taking into ac-

count the heat effect of the ice–water phase transition:

jq1 � Jq1 ¼ jqiV i ð19Þ
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Solving the system of Eqs. (18) and (19) with respect

to the values of jq1, Jq1, t01 and t02 gives the relationships

for the desired parameters:

Jq1 ¼
k1k2

k1h1 þ 2k2h2
t1 � t2 � jqi

h1
k1

V i

� �
ð20Þ

t0k ¼
ð�1Þkk2h1

k1h1 þ 2k2h2

t2 � t1
2

� jqi

h2
k2

V i

� �
þ t0; k ¼ 1; 2

ð21Þ

The temperatures t01 and t02 in Eq. (21) define the dis-

tribution of temperature tR on the inclusion surface.

Expressing heights h1 and h2 as functions of the radius

R and an angle h in Eq. (21) gives a function tR:

tRðhÞ ¼
k2R cosh

k1ð1þ e0 j cosh jÞ

� rbt� jqi

ð1� b j cosh jÞ
k2

V i

� �
þ t0 ð22Þ

where e0 = bDk21/k1, $bt = (t2 � t1)/b.

Before solving the second part of the thermal prob-

lem of defining the heat flow through the cell there is a

need to remark that the value of the flux Jq1 in range

r < R depends on the co-ordinate r. An explicit form

for Jq1 follows from Eq. (20) after substituting values

h1 and h2 as functions of r and R:

Jq1ðrÞ ¼
k1k2

bk1 þ 2ðk2 � k1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2

p

� t1 � t2 � jqi

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2

p

k1

V i

 !
ð23Þ

An average heat flux Jq through the cell is defined as a

ratio of total heat flux Q to the base area Sa:

Jq ¼ Q=Sa ð24Þ

The known fluxes Jq1 and Jq2 (Eqs. (23) and (17)) make

possible finding the total heat flux Q. Substituting Q in

Eq. (24) gives:

Jq ¼ �k2I3rbt � abjqik2V iI1=k1 ð25Þ

where a = pR2/Sa, I1 ¼ 1
e0

2
e2
0

2
e3
0

lnð1þ e0Þ; I3 ¼ ð1� aÞ þ
2a
e2
0

½e2 � lnð1þ e0Þ�.
An effective thermal conductivity coefficient is not

found from the formula (25) because of that contents

as before (see Eq. (15)) an unknown velocity Vi.

Further actions purpose two objects to exclude the

velocity Vi from Eqs. (15) and (25) and to connect heat

flux through the cell with the temperature at its bases.

Realization of those intentions includes the following

two steps: solving the filtration problem and finding
the velocity of ice using conditions of the mechanical

balance of the inclusion and the local thermodynamic

equilibrium of ice and water.
4. Filtration problem

The filtration problem will be solved for the sepa-

rated cell as follows: it is necessary to find the water flux

through the cell at the prescribed pressure on the bases

and in the absence of water flow through the lateral

faces. The availability of liquid sources because of the

ice–water phase transition must be taken into account

while solving this problem. The overall arrangement of

elements and fluxes is shown in Fig. 2. The framework

of the medium is assumed to be rigid. The components:

water, ice and mineral are incompressible. Their densi-

ties and the hydroconductivity coefficient of the fine-

pore part E2 are constants.

The method of anisotropic conductivity will be used

in order to solve the hydrodynamical problem as well

as for thermal problem. This method is based on the

substitution of anisotropic elements in place of the iso-

tropic ones.

The mathematical part of the problem proposes to

use the equation of mass continuity and Darcy�s law,

which specifies a connection between the liquid flux jw
and the pressure gradient:

jw ¼ �crp ð26Þ

Liquid migrates only in the element E2 (Fig. 2). Ice is

impermeable for water.

All steps of finding the water flux through the cell

replicate the chain of arguments in the solution of the

thermal problem.

4.1. Infinite horizontal hydraulic conductivity

In the range of z 2 [�b/2,�R] and [R,b/2] the med-

ium is homogeneous and Darcy�s law (26) may be writ-

ten in the different forms:

Jw ¼ c
p1 � p01
b=2� R

ð27Þ

Jw ¼ c
p02 � p2
b=2� R

ð28Þ

where p01 and p02 are pressures at sections z = �R and R

respectively; Jw is the water flux through the bases of the

cell.

In the region z 2 [�R,R] the filtration problem will

be solved analogously to the thermal problem in Section

2.1. Select a horizontal layer with a thickness of Dz (Fig.
5) and write the condition of mass balance. Present the

conservation of mass for a multiphase medium in a sta-

tionary process by the integrated forms [10]:



Fig. 5. Mass transfer in the cell with infinite horizontal

conductivity.
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Z
S

qiniVi dS ¼
Z
V

Iwi dV ð29Þ

Z
S

qwnwvw dS ¼
Z
V

I iw dV ð30Þ

where Ikl is an antisymmetric function:

Ikl ¼ �Ilk ð31Þ

Summing Eqs. (29) and (30) having in view (31),

leads to the following equation for mass balance

qi

Z
S
niV n

i dS þ qw

Z
S
nwvnw dS ¼ 0 ð32Þ

Applying Eq. (32) to the layer Dz, converting to the dif-

ferential form (Dz ! 0) and taking into account relation

jw = nwvw gives the differential equation for the z-compo-

nent of water flux jwz:

djwz
dz

Sa

p
� R2 þ z2

� �
þ 2zjwz ¼

2zqiV i

qw

Substituting the value jwz from Eq. (26) in the last equa-

tion transforms that to an equation for water pressure:

d2p
dz2

Sa

p
� R2 þ z2

� �
þ 2z

dp
dz

¼ � 2zqiV i

qwc
ð33Þ

Solving Eq. (33) with boundary conditions:

pð�RÞ ¼ p01; pðRÞ ¼ p02 gives a dependence of a value

of p on co-ordinate z:

pðzÞ ¼ � qiV i

qwc
zþ p02 � p01

2R
þ qiV i

qwc

� �Rarctg z
ep

� �
arctgðepÞ

þ p02 þ p01
2

ð34Þ

where e2p ¼ Sa�pR2

p ; ep ¼ R
ep
.

The condition of mass continuity at sections z = ±R

results in the following relationship:

Jw ¼ �c
dp
dz

����
z¼�R

Substituting in the last equation the function p(z) (34)

gives:

Jw ¼ qiV i

qw

� c  p
0
2 � p01
2R

þ qiV i

qw

� �
ep

ð1þ e2pÞarctgðepÞ
ð35Þ

Solving the set (27), (28), and (35) with respect to the

unknown values of p01; p02 and Jw leads to an explicit

form for water flux:

Jw ¼ qiV i

qw

� c  rbp þ
qiV i

qw

� �
f2

b þ f2ð1� bÞ ð36Þ

where rbp ¼ p2�p1
b ; f2 ¼ ep

ð1þe2pÞarctgðepÞ
The relation (36) in-

cludes an unknown velocity of ice Vi, which needs to

be defined separately. For that it is necessary to know

a pressure distribution pR around the ice inclusion. Find-

ing the values p01 and p02 from the system (27), (28), and

(35) and substituting those in Eq. (34) gives at z = Rcosh
a desired function pR(h):

pRðhÞ¼�qiV i

qwc
Rcosh

þ
�
rbpþ

qiV i

qwc

�
R

bþ f2ð1�bÞ 
arctgðep coshÞ

arctgðepÞ
þp0

ð37Þ

where p0 = (p1 + p2)/2.

4.2. Zero horizontal hydraulic conductivity

At zero horizontal conductivity the lines of water

flow are parallel to Z-axis.

In the region r > R the medium is homogeneous (Fig.

6), water flux does not depend on polar co-ordinate r

and Darcy�s law (26) converts to difference form:

Jw2 ¼ �c
p2 � p1

b
ð38Þ

within a cylinder where r 6 R, the medium is heteroge-

neous and phase transition occurs on the surface of ice

inclusion. Select in the cell a thin cylindrical layer Dr,
which consists of three uniform columns on co-ordinate

z: [�b/2,�h1/2], [�h1/2,h1/2], [h1/2,b/2] (Fig. 6). Phase

transition and liquid production take place on the upper

and lower surfaces DSR of the middle column. In a sta-

tionary process the water flows in the outer columns are

equal to Jw1. The value of water flux connects with ice

velocity Vi in accordance with the conservation of mass:

qwJw1 ¼ qiV i ð39Þ

The last equation shows that the value of the flux Jw1 is

constant all over the region r 6 R and therefore does not

depend on co-ordinate r.



Fig. 6. Mass transfer in the cell with zero horizontal

conductivity.
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The total water fluxM through the bases of the cell is

expressed in the terms Jw1 and Jw2:

M ¼ Jw1pR2 þ Jw2ðSa � pR2Þ ð40Þ

By definition, the average water flux is the ratio of

water discharge to area:

Jw ¼ M=Sa ð41Þ

Substituting the value of M (40) in Eq. (41) and exclud-

ing fluxes Jw2 and Jw1 by means of (38) and (39) gives a

desired relationship for Jw as a function of pressure gra-

dient and ice velocity:

Jw ¼ qi

qw

aV i � ð1� aÞcrbp ð42Þ

The ice velocity will be defined in the future, but that

requires knowledge of pressure distribution at the sur-

face of the ice inclusion. Applying Darcy�s law to the

outer columns of the layer Dr gives:

Jw1 ¼ c
p1 � p01

h2
ð43Þ

Jw1 ¼ c
p02 � p2

h2
ð44Þ

where h2 is the height of column E2 in the selected layer

(Fig. 6).

The values of p01 and p02 are the distribution of pres-

sure pR at the inclusion surface. Expressing h2 as a func-

tion of the radius R and an angle h and substituting Jw1
from (39) in (43) and (44) gives a function pR(h):

pRðhÞ ¼ pk þ ð�1Þk qiR
qwb

V i

1� b j cos h j
c

;

k ¼ 2; 0 6 h < p=2

k ¼ 1; p=2 6 h 6 p

 ð45Þ
5. Velocity of ice and transfer equations

Consider two anisotropic media. The first holds the

highest possible conductive properties: the horizontal

thermal and hydraulic conductivities are infinite. The

second has minimal horizontal conductivities.

The symmetry of the solution (see (16), (22), (37),

(45)) and Eq. (3) convert the integral (4) to the following

form:

qi

qw

Z p

0

pRðhÞcoshsinhdh�jqi

T 0

Z p

0

tRðhÞcoshsinhdh¼ 0

ð46Þ

The last relationship realizes the conditions of the

mechanical balance of the ice and the local thermody-

namical equilibrium in the system.

5.1. Infinite horizontal conductivities

Substituting the Eqs. (16) and (37) in Eq. (46) enables

us to produce the ice velocity as a linear function of the

temperature and pressure gradients along the height of

the cell:

V i ¼
jqi

T 0

ft
D
rbt �

qi

qw

fp
D
rbp ð47Þ

where ft ¼ ð1�f1Þðe2t �1Þ
½bþð1�bÞf1 �e2t

; f p ¼ ð1�f2Þð1þe2pÞ
½bþð1�bÞf2 �e2p

; D¼ qi
qw

� �2 ðfp�2=3Þ
c þ

ðjqiÞ2ðft�2=3Þ
T 0Dk21

.

Substituting the value of the ice velocity Vi from Eq.

(47) in Eqs. (15) and (36) gives the explicit form for the

heat and water flux through the cell. Omitting all inter-

mediate conversions, the final result is following:

Jq ¼ �Cqqrbt � Cqwrbp ð48Þ

Jw ¼ �Cwqrbt � Cwwrbp ð49Þ

with the transport coefficients to be equal

Cqq ¼ k2 fq þ
ðjqiÞ

2

T 0Dk21

 ftð1� fqÞ
D

" #
ð50Þ

Cqw ¼ � k2jq2
i

Dk21qw

 ð1� fqÞfp
D

ð51Þ

Cww ¼ c fw þ qi

qw

� �2 ð1� fwÞfp
cD

" #
ð52Þ

Cwq ¼ � jq2
i

qwT 0

 ð1� fwÞft
D

ð53Þ

where fq ¼ f1
bþð1�bÞf1

; f w ¼ f2
bþð1�bÞf2

.

Therefore heat and mass transfer in the model porous

medium with ice is described by the set of Eqs. (48) and

(49). The transport coefficients depend on the parame-

ters k1, k2, c, a, b; those characterize the thermal and
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mass properties of the medium and its geometric

configuration.

We must check that the transport coefficients are in

agreement with Onsager�s reciprocal relations. For that,
the thermodynamical forces Xw and Xq, which corre-

spond to mass and heat fluxes, need to be presented in

terms of nonequilibrium thermodynamics [11]: Xw =

$bp/qw, Xq = $bt/T0 and the flux of the substance must

be written as the mass flow: Jm = qwJw.
In the result, the equations of the heat and mass

transfer reduce to the following form:

Jq ¼ �eCqqX q � eCqwXw ð54Þ

Jm ¼ �eCwqX q � eCwwXw ð55Þ

New coefficients in Eqs. (54) and (55) are connected with

the old ones (50) and (53) by the following relations:eCqq ¼ CqqT 0; eCqw ¼ Cqwqw;eCwq ¼ CwqqwT 0; eCww ¼ Cwwq2
w ð56Þ

Appropriate algebraic manipulations produce a for-

mula for nondiagonal coefficients:

eCqw ¼ eCwq ¼ � k2jq2
i

Dk21

 1

ab
ð1� fqÞð1� fwÞ

D

The symmetry of the transport coefficients on the one

hand gives promise that the problem statement about

heat and mass transfer is correct, but, on the other hand,

shows that the postulates of nonequilibrium thermody-

namics appear to be valid in the region of phase transi-

tion. The values of all coefficients are of the same order

of magnitude.

5.2. Zero horizontal conductivities

In the cell with zero horizontal mass and thermal

conductivity, the distributions of temperature and pres-

sure at the boundary of the ice are defined by functions

(22) and (45). Substituting those in Eq. (46) and subse-

quent algebraic manipulations result in a relation for

ice velocity as a linear function of temperature and pres-

sure gradients:

V i ¼
jqik2

T 0k1

I1
D0

rbt �
qi

qwb
1

D0
rbp ð57Þ

where D0 ¼ ð1� 2
3
bÞð qi

qw
Þ2 1

bc þ
ðjqiÞ2
k1T 0

ðI1 � bI2Þ; I2 ¼ 2
3e0

�
1
e2
0

þ 2
e3
0

� 2
e4
0

lnð1þ e0Þ.

Substituting Eq. (57) in Eqs. (25) and (42) gives a lin-

ear dependence of heat and mass fluxes on gradients of

temperature and pressure in form (48) and (49) with

transport coefficients as follows:

C0
qq ¼ k2I3 þ

abðk2jqiÞ
2

k2
1T 0

 I
2
1

D0
ð58Þ
C0
qw ¼ C0

wqT 0 ¼ � ak2jq2
i

k1qw

 I1
D0

ð59Þ

C0
ww ¼ ð1� aÞcþ a

b
qi

qw

� �2
1

D0
ð60Þ

At zero horizontal conductivities the standard cross

coefficients turn out also to be equal as that follows from

(59) and (56).
6. Effective thermal conductivity of porous medium with

heat dipoles

The value of heat flux through the cell depends on

not only the gradient temperature, but also on the gradi-

ent of pressure (47). That comes from the essential effect

of pressure gradients on ice movement in a cavity. As

soon as the defined limitations are imposed on a pres-

sure gradient, it may be said about effective coefficient

of thermal conductivity. Consider two routine sys-

tems—closed and open. In an open system, the pressure

drop per the height of the cell is equal to zero (p1 = p2).

In this case the heat transfer will be accompanied by

mass transfer.

The value of effective thermal conductivity ekO of an

open system follows from Eq. (48) at $bp = 0:

ekO0 ¼ C0
qq;

ekO1 ¼ Cqq

where inferior indices of 0 and 1 designate a medium with

zero and infinite horizontal conductivities accordingly.

In closed system the mass flow through the cell equals

zero (Jw = 0). Using relation (49) for defining pressure

gradients and substituting that equation in (48) gives a

value of effective coefficient of thermal conductivity of

closed sample ekC:

ekC0 ¼ C0
qq �

T 0ðC0
wqÞ

2

C0
ww

; ekC1 ¼ Cqq �
T 0C

2
wq

Cww

Coefficients ekO and ekC depend on all input parame-

ters (k1,k2,c,a,b) including a hydroconductivity coeffi-

cient c of fine-pore medium E2.

Transfer parameters were calculated for a cubical

cell, the elements of which (E1 and E2) hold the coeffi-

cients of the thermal conductivities, as follows:

k1 = 2.2Wm�1K�1; k2 = 1.54Wm�1K�1.

Curves in Fig. 7 show that the value of the thermal

conductivity grows with increasing the part by ice vol-

ume n in the cell (ratio of ice volume to cell volume)

and hydroconductivity c of fine-pore medium E2. When

c < 10�15m3skg�1 the value of the effective thermal

conductivity becomes equal to the thermal conductivity

of the system with immovable ice (c = 0) and is scarely

affected by hydraulic permeability of the medium. When



Fig. 7. Effective thermal conductivities of open (solid lines) and closed (dot lines) systems versus part by ice volume in the cubic cell at

different hydroconductivity coefficients c of fine-pore medium (E2) [m
3skg�1]: (1) 10�12; (2) 10�13; (3) 10�14; (4) 10�15 with zero (a) and

infinite (b) horizontal conductivity.
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c > 10�14m3s kg�1 the effective coefficient of thermal

conductivity may be several times greater than the sim-

ilar parameter for a system with immovable ice. Heat-

conducting properties of the medium increase noticeably

because of the presence of the heat dipoles.

A comparison of curves in Fig. 7 shows that the

thermal conductivity of an open system is always

greater than that of a closed one. The ratio of effective

coefficients of open/closed systems increases monoton-

ically with increasing ice content and may amount to

1.5.

The intensity of heat dipoles depends on the ice con-

tents and hydraulic conductivity of the porous medium.

In real frozen soil, the intensity has a maximum near the

freezing-point temperature. Explorations of thermo-

physical properties of frozen soil display maximum of

the thermal conductivity coefficient vs. temperature

[12]. An observed maximum of the curve may be ex-

plained by working of heat dipoles.

In addition, the value of the thermoosmosis coeffi-

cient v ¼ eCwq=qw is adduced to confirm unique proper-

ties of the considered system. For example, at the

values of n = 0.4; c = 10�13m3skg�1 and the same for

the remaining parameters, the coefficient v is about

10�6m2s�1. This result is six orders of magnitude great-

er than the value of the thermoosmosis coefficient which

is derived in experiments with a porous medium been

saturated a single-phase substance [13].
7. Conclusions

In porous media with phase transitions, the heat and

mass transfer laws have to be presented in a generalized

form (54) and (55).
Cross effects in media with phase transition are sig-

nificantly greater than in media with a single-phase fill-

ing substance.

Intensification of cross effects comes out from the

regelation movement of solid (ice).

Transport coefficients near the freezing-point temper-

ature reach a maximum.
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